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In their paper [arXiv:1403.4299v1], Frenkel and Warren claim that the Gibbs temperature does not
characterize thermal equilibrium correctly. We point out the main logical errors in their argument.
Frenkel and Warren (FW) criticize our paper [1] by
making the false claim that the Gibbs temperature does
not correctly characterize the thermal equilibrium be-
tween two bodies. FW’s claim contradicts exact mathe-
matical results, as can be readily seen by considering ar-
bitrary confined classical systems with conserved Hamil-
tonian H(ζ, A) = E, where ζ = (ζ1, . . . , ζN ) are the
canonical coordinates and A = (Aµ) control parameters.
Definitions. We assume that H is bounded from be-
low, minζ H = 0, and define the microcanonical density
operator ρM (ζ|E,A) = δ(H − E)/ω, the density of states
(DOS) ω(E,A) = Tr [δ(E−H)], and the integrated DOS
Ω(E,A) = Tr [Θ(E−H)]. Tr abbreviates the phase space
integral
∫
dζ. Adopting units kB = 1, the Boltzmann en-
tropy SB and the Gibbs entropy SG are given by
SB = ln ǫω , TB = (∂SB/∂E)
−1
(1a)
SG = lnΩ , TG = (∂SG/∂E)
−1
(1b)
with some energy constant ǫ. The canonical density op-
erator is given by ρC(ζ|T,A) = e
−H/T /Tr [e−H/T ] and
the Shannon entropy by SS = −Tr [ρC ln ρC ]. In our pa-
per [1], we formulated the requirement that a consistent
thermostatistical model (ρ, S) must satisfy
T
∂S
∂Aµ
= −
〈
∂H
∂Aµ
〉
ρ
(2)
where 〈f〉 := Tr [ρf ] for some arbitrary function f(ζ).
FW accept (2) as a valid requirement, and a considerable
part of their argument builds on this criterion.
Rigorous facts. Given the above definitions, the fol-
lowing three statements are mathematically exact results
E1: TG satisfies the microcanonical equipartition theo-
rem〈
ζi
∂H
∂ζi
〉
ρM
= TG ∀i = 1, . . . , N, (3)
for all N ≥ 1, whereas TB does not.
E2: The pair (ρM , SG) satisfies the consistency rela-
tion (2) for all N ≥ 1, whereas (ρM , SB) does not.
E3: The pair (ρC , SS) satisfies the consistency rela-
tion (2) for all N ≥ 1.
The proofs of E1, E2 and E3 are trivial, each taking
only a few lines. E1 is proven in Ref. [2], E2 in Ref. [1],
and E3 in Ref. [3]. E1, E2 and E3 suffice to invalidate
the erroneous claims by FW.
Incorrect claims by FW. FW rediscover E3 in the Ap-
pendix of their paper [4], although the validity of E3 was
already explicitly mentioned on page 7 in the SI of our
paper [1]. Furthermore, FW interpret their finding as ev-
idence against E2. This is logically incorrect, as E2 and
E3 are unrelated and hold independently from each other.
Taken together, E2 and E3 merely imply that there exist
at least two density operators ρ that give rise to consis-
tent thermostatistical models. More importantly, how-
ever, the fact that (ρC , SS) and (ρM , SG) are singled out
by the same criterion (2) also means that, if one accepts
the Shannon entropy SS as the thermodynamic entropy
of the canonical ensemble, then one must also accept the
Gibbs entropy SG as the thermodynamic entropy of the
microcanonical ensemble.
We next address the main statement by FW, namely
that TG derived from SG does not correctly characterize
thermal equilibrium between two bodies. E1 immediately
invalidates this claim. To demonstrate this in detail, con-
sider two isolated systems 1 and 2 with canonical coordi-
nates z = (z1, . . . , zN1) and Z = (Z1, . . . , ZN2) that are
brought into thermal contact. Their joint Hamiltonian is
given by
H(ζ) = H1(z) +H2(Z) + εH12(z, Z), (4)
with H12 denoting the interaction part, ζ = (z, Z) nd
N = N1 + N2. Assume the systems had energies E1
and E2 before coupling. Then their total energy after
coupling is E = E1 + E2 and their joint microcanon-
ical density operator is ρ12 ∝ δ(E − H). Considering
the weak-coupling limit εց 0, E1 ensures that each of
the subsystems has the same temperature given by TG;
explicitly,〈
ζi
∂H
∂ζi
〉
ρ12
=
〈
zj
∂H1
∂zj
〉
ρ12
=
〈
Zk
∂H2
∂Zk
〉
ρ12
= TG
Note that E1 not just guarantees that TG is the equi-
librium temperature – E1 also implies directly that TB
does not correctly characterize thermal equilibrium for
any finite N [5].
Last but not least, since the rigorous statements (3),
E2 and E3 are valid for arbitrary N ≥ 1, they should
also remain valid for any sensibly defined thermodynamic
limit (TDL). TDLs that violate this basic continuity re-
quirement are unsound [6].
In summary, FW’s criticism of the Gibbs temperature
is unjustified [7] and invalid [8].
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[4] Equation (2) is equivalent to their Eq. (22)
[5] It is sometimes incorrectly stated that the energy per par-
ticle becomes equally distributed. E1 shows that this is
in general not the case; equipartition holds for the virial
quantities ζi
∂H
∂ζi
.
[6] If E2 and E3 yield different results in the TDL, as is the
case for systems with bounded spectrum, then this just
signals ensemble inequivalence. In such situations, one has
to decide whether the underlying experiment realizes a
canonical ensemble (coupling to an infinite heat bath) or a
microcanonical ensemble (isolated systems with conserved
energy). To our knowledge, all population-inversion ex-
periments on spin systems or ultra-cold gases have been
performed on strictly isolated systems. We also note that,
since E1, E2 and E3 are valid for any finite N ≥ 1, it is
in principle unnecessary to invoke TDL arguments that
require infinite systems. The main mathematical benefit
of TDLs is that phase transitions can be identified with
‘sharp’ singularities when letting N → ∞. For finite sys-
tems with N < ∞, fluctuations of thermodynamic ob-
servables can become significant and hence should also be
analyzed in those cases, but this does not affect the fact
that the thermodynamic relations E1, E2 and E3 remain
true even for very small systems, provided their dynamics
is sufficiently chaotic (‘mixing’).
[7] In Eq. (5) of their paper [arXiv:1403.4299v1], FW use
a factorization approximation that, strictly speaking, is
only valid for systems with an exponentially growing DoS.
Since a system with bounded spectrum typically does not
exhibit an exponential growth of the DoS near the up-
per band limit, the validity of FW’s Eq. (5) deserves to
be questioned. Another ‘hidden’ assumption implicit to
FW’s argument is ensemble equivalence. However, for sys-
tems with bounded spectrum, microcanonical and canon-
ical ensembles are neither mathematically nor physically
equivalent; see also footnote [6] above.
[8] As a matter of principle, approximate calculations cannot
invalidate mathematically rigorous results like those in E1,
E2 and E3.
